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Estimating the reduction time of quantum states
Fernando Parisio
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An effective description of microscopic measurements is given, in which the precise moment of
probing is not determined. Within this scenario we propose a scheme that relies on an “attempt” to
make a forbidden simultaneous measurement of two incompatible observables. Although bound to
failure in what concerns this goal, the process can lead to experimentally accessible information on
a possibly non-vanishing time δt elapsed in the collapsing of the wave function, even if the duration
∆t of the individual measurements is much larger than δt.
PACS numbers: 03.65.Ta, 03.65Aa
I. INTRODUCTION
The relevance of the measurement problem to the gen-
eral picture of quantum theory does not need empha-
sis. In particular, the collapsing versus unitary evolu-
tion of the state vector has been addressed under distinct
conceptual perspectives [1–10]. Although the realization
that the openness of quantum systems is probably funda-
mental in approaching this problem, there is no consensus
about the precise role and limitations of decoherence in
this regard [4]. In fact, on a deeper level, there is no
agreement on the objective physical existence of reduc-
tion itself. A concise discussion on interpretations that
either consider or disregard collapse as an ingredient of
quantum theory is given in the first sections of [6].
Regarding the collapsing scenarios, whatever the de-
tailed mechanisms of reduction might be, if the wave
function is to be interpreted as a meaningful physical
quantity for individual particles, one has to acknowledge
that the reduction should not be instantaneous. Depart-
ing from the orthodox interpretation, some models as-
sume that the reduction of the state vector takes a non-
vanishing time. Most of these works rely on stochas-
tic mechanisms, with convenient terms added to the
Schrodinger equation [11–14]. The program of obtaining
reduction from a dynamical equation is, to some extent,
accomplished, but the time scales involved are rather ar-
bitrary. Alternatively, if we think of the wave function or,
more generally, the density matrix as an abstract quan-
tity that only describes the statistical behavior of sets of
particles [8], then a sudden collapse is acceptable since it
solely means an increase in our level of knowledge on the
system, not associated to an actual instantaneous phys-
ical process. In hidden-variable interpretations such as
that of David Bohm [15] or in those that deny the collapse
by assuming that a measurement leads to a branched
many-world structure [16, 17], the collapsing problem is
not present. Notwithstanding, it is replaced by puzzles of
equivalent magnitude. Apart from interpretational pref-
erences, an objective way to estimate the time scale of re-
duction, if it is non-zero, should be pursued. This would
place the discussion on the physical reality of collapse on
quantitative basis, instead of pure theoretical or philo-
sophical ones. Also, it might enable us to rule out some
of the competing conceptions on quantum measurements
on more objective grounds. As pointed out by Home and
Whitaker “there should be a desire to understand more
about the collapse postulate, why it often works well, its
limitations, and how it should be eventually adapted or
replaced.” [6]. In this context a natural question is: is it
possible to conceive processes leading to detectable dif-
ferences associated to the reduction of the wave function
with different time scales? Ideally this distinction should
be insensitive to the details of the dynamics of reduction
and to the actual mechanisms that triggers it.
In trying to answer this question, at least within a
plausible scenario, we take into account the fact that no
actual measurement device can probe a system with an
infinite time accuracy and make the possibility of a finite-
time reduction explicit. In the remainder of this paper,
by a microscopic measurement we no longer mean a phys-
ically indivisible event, but rather a composite one.
II. MICROSCOPIC MEASUREMENTS
From the orthodox interpretation of quantum mechan-
ics one can not scape the inference that a measurement is
taken as an instantaneous event. In fact, two conceptu-
ally distinct abrupt processes are tacitly assumed in the
measurement postulate: (i) at a precisely defined time
tp the system is probed, and, at the same time, (ii) the
quantum state collapses [18]. The terms “probing” and
“measurement” are employed in a rather interchangeable
way. However, if a microscopic system is to be probed,
say, by a photon emitted by an excited atom, all we know
is that this should occur according to a probability distri-
bution p(t) ∝ e−t/tdecay . If we wait for a time ∆t > tdecay
the photon will be emitted with high probability. We
say that ∆t is the duration of the whole measurement
process, while the probing occurs in the precise (unpre-
dictable) instant when the system absorbs the photon.
So, from an operational point of view, the measurement
is associated to the time window in which the probing can
potentially happen, while the probing itself is the sudden
event that starts the collapse. The same kind of reason-
ing can be made, e. g., for conditional measurements
related to tunneling [19]. We recast the measurement
2postulate, which is well suited for macroscopic events, as
follows:
(I) Finite-time measurement and impulsive random
probing: Although we keep assumption (i), we take into
account the experimental fact that any measurement has
a finite duration ∆t. So, the probing does occur at a
precise moment tp, but one can only say that this is to
happen within a time window [t0, t0+∆t]. The time tp is
taken as a random variable, obeying an appropriate dis-
tribution defined in this interval. Further, in this work,
we assume that the duration of the measurement suffices
to guarantee that the probing occurs. Before it, the sys-
tem remains uncoupled to external degrees of freedom.
(II) Finite-time reduction: The wave function takes a
short time δt, starting from tp, to be reduced. We do not
make any specific statements about the time evolution
during this fast reduction, except that the global state ket
remains normalized. Let |Φ0〉 ∈ EX be the initial state
related to the relevant degrees of freedom of the probe.
If Aˆ is an observable acting in the Hilbert space of the
system (E), with {|ai〉} being the basis of eigenstates,
then any initial ket |ψ0〉|Φ0〉 =
∑
αi|ai〉|Φ0〉, under a
measurement of Aˆ, is assumed to evolve in a quite general
way towards one of the eigenkets, say |aj〉,
|Ψ(t)〉 =
∑
αi(t)|ai〉|Φi(t)〉 −→ |aj〉|Φf,j〉 , (1)
where |Ψ(t)〉 ∈ ET = E ⊗ EX ,
∑ |αi(t)|2 = 1, αi(tp) = αi
and αi(tp + δt) = δij . The above scheme is similar to
the well-known von Neumann measurement, but here we
have a non-instantaneous dynamics. The time depen-
dence in {|Φi(t)〉} accounts for the directions taken by
these normalized kets in EX during the reduction. We
stress that no attempt is made to describe the actual
processes that take place during the reduction and that
the final states {|Φf,j〉} are not assumed to be orthogo-
nal macroscopic pointers (no “macro objectification” re-
quired [2]). In other words, we use a generic dynamics of
reduction with no assumption on the equation that leads
to it. Naturally, we take the measurement to be longer
than the reduction (∆t > δt).
From the above it is clear that one is not trying to
provide a solution to the measurement problem. Rather,
as will become evident, we seek physical predictions that
may enable us to rule out either instant collapse or finite-
time reduction. If the latter is ultimately verified it is also
important to estimate its time scale.
We proceed by considering two incompatible observ-
ables Aˆ and Bˆ, for which Aˆ|ai〉 = ai|ai〉 and Bˆ|bi〉 =
bi|bi〉. The probability of obtaining an arbitrary pair ai
and bj as a result of successive projective measurements
of Aˆ and Bˆ is different from that of getting bj and ai for
measurements of Bˆ and Aˆ, i.e., the conditional proba-
bilities P (ai|bj) and P (bj |ai) do not coincide, in general
(this, of course, is not restricted to quantum mechan-
ics). Most importantly, P (ai|Bˆ), the probability of ob-
taining ai knowing that Bˆ was measured and P (ai) do
not coincide. Thus, a simultaneous measurement of the
associated physical quantities is ill defined in the strict
orthodox framework. In spite of this fact, several weaker
definitions of joint measurements of incompatible observ-
ables can be found in the literature [20–24]. Let us ana-
lyze in detail what are the possible consequences of trying
to do such a simultaneous measurement assuming the va-
lidity of statements (I) and (II).
An important proviso arises when one looks at the clas-
sical experiment by Stern and Gerlach. Trying to observe
Sˆz and Sˆx simultaneously amounts to superimpose, dur-
ing a certain time interval, two macroscopic magnetic
fields in the z and x directions. This naive approach re-
sults in an overall field, whose direction u is intermediate
between those of the x-axis and z-axis, and we simply
execute a single measurement of Sˆu. We assume that, no
matter the nature of the probes, they act independently
[11] interacting with the system at the quantum level.
In the present case, this can be done only because these
measurements are assumed to be non-selective, without
any macroscopic readout.
III. TWO-LEVEL SYSTEMS
In this section, to focus only on the implications of our
hypothesis, we address a simple two-level system. Any
observable can be thought as a combination of the iden-
tity operator and the pseudo-spin Pauli operators (σˆ1,
σˆ2, σˆ3). Let {|+〉, |−〉} be the orthonormal basis of eigen-
states of σˆ3, as usual. Although this is not essential to
validate our conclusions, due to the delicate nature of
these microscopic measurements it is natural to conceive
them as a series of individual realizations (so that no co-
herences are expected in the final statistical operator).
We choose the two incompatible observables to be mea-
sured simultaneously as σˆ1 and σˆ3, and take the initial
individual states as |+〉, leading to the density operator
ρˆ0 = |+〉〈+| .
To simplify the presentation we assume that both prob-
ings have uniform probability densities ∆t−1 over [t0, t0+
∆t]. Forcing two devices to make a simultaneous mea-
surement is, in fact, to adjust them to start the process
at, say, t0 and finish it at t0 + ∆t, so that both occur
within [t0, t0 + ∆t]. According to our model, however,
the probing associated to σˆ1 happens at a precise time
t
(1)
p , while that of σˆ3 occurs at t
(3)
p . The assumption
that the devices make measurements with the same du-
ration ∆t is by no means essential and, again, aims to
simplify the presentation. Extensions to situations with
∆t(3) 6= ∆t(1) are straightforward.
Let us initially assume that δt = 0, i. e., the re-
duction is, in fact, instantaneous. Since the probabil-
ity distributions for the probings are equal, we have
t
(1)
p < t
(3)
p in 50% of the realizations (asymptotically),
in which case the state after the first probing is either
(|+〉 + |−〉)/√2 with probability 0.5, or (|+〉 − |−〉)/√2
3with the same probability. The second non-selective in-
dividual measurements lead to a final density operator
given by ρˆ = 0.5|+〉〈+| + 0.5|−〉〈−|. In the remaining
events we have t
(3)
p < t
(1)
p , so that the first probing does
not change the initial state, the later one, of σˆ1, leading
equally to ρˆ = 0.25(|+〉 + |−〉)(〈+| + 〈−|) + 0.25(|+〉 −
|−〉)(〈+| − 〈−|) = 0.5|+〉〈+|+ 0.5|−〉〈−|. Thus, from an
ensemble point of view, the result is insensitive to the
ordering of the probings and the final reduced density
operator is simply that of an unpolarized statistical mix-
ture:
ρˆcoll =
1
2
|+〉〈+|+ 1
2
|−〉〈−| . (2)
Now we fully take hypothesis (II) into account, by setting
δt > 0. In this case the analysis is a bit more subtle. It is
still true that occurrences with t
(1)
p < t
(3)
p and those with
t
(3)
p < t
(1)
p are equally likely, but the time separation be-
tween the two probings is now relevant. Thus, we define
the random variable y = |t(1)p − t(3)p |, which, in turn, is
not uniform on [0,∆t]. The probability distribution p′(y)
is given by
p′(y) =
∫

d2t′pp[t
′(1)
p ] p[t
′(3)
p ]δ[y − |t′(1)p − t′(3)p |]
=
2
∆t2
(∆t− y) , (3)
where the integration is on the square with side length
∆t in the plane t′
(1)
p - t
′(3)
p , with p[t
′(1)
p ] = p[t
′(3)
p ] = ∆t
−1.
Therefore, the probability that the second probing occurs
during the reduction started by the first one is
P (y < δt) = 2
(
δt
∆t
)
−
(
δt
∆t
)2
. (4)
The key point is that, although we do not have any
control of the time elapsed between the two impulsive
probings, these nearly coincident events will occur with
a certain frequency due to statistical robustness, for a
sufficiently large number of repetitions. For realizations
in which the time separation between the probings over-
steps δt the result is exactly that given by (2). Therefore,
the total density operator associated to a fast reduction
scenario should have the general form ρˆTred = [1− P (y <
δt)]ρˆTcoll + P (y < δt)ρ˜
T , were ρˆcoll = TrX(ρˆ
T
coll) and ρ˜
T
is to be determined. We write ρ˜T = 0.5ρ˜T1−3 + 0.5ρ˜
T
3−1,
to distinguish the contributions from the two possible se-
quences of probings. Since ρˆ0 = |+〉〈+|, if the sequence
is σˆ3-σˆ1 there is no initial reduction and it is easy to show
that we get nothing but TrX(ρ˜
T
3−1) = ρˆcoll. Thus,
ρˆred =
[
1− 1
2
P (y < δt)
]
ρˆcoll +
1
2
P (y < δt)TrX(ρ˜
T
1−3) .
(5)
We now address the non-trivial sequence in which the
probing related to σˆ1 happens first, see fig. 1. During
the short time elapsed before the probing corresponding
FIG. 1: Sequence of nearly coincident probings of the type
σˆ1-σˆ3.
to σˆ3 happens, the global state is either |Ψ(t)〉 or |Ψ′(t)〉,
where
|Ψ(t)〉 = a+(t)|+〉|Φ+(t)〉 + a−(t)|−〉|Φ−(t)〉 ,
|Ψ′(t)〉 = b+(t)|+〉|Φ′+(t)〉 − b−(t)|−〉|Φ′−(t)〉 , (6)
with equal probabilities. In the first case the state at
t = t
(1)
p + δt would be (|+〉 + |−〉)|Φf 〉/
√
2, while in the
second one (|+〉 − |−〉)|Φ′f 〉/
√
2. Accordingly, we have
a+(t
(1)
p ) = 1 , a−(t
(1)
p ) = 0, with the reduction dynam-
ics being disturbed by the second (incompatible) probing
before the conditions |Φ+(t(1)p + δt)〉 = |Φ−(t(1)p + δt)〉 =
|Φf 〉, a+(t(1)p + δt) = 1/
√
2 , a−(t
(1)
p + δt) = 1/
√
2, are
attained, since t
(1)
p < t
(3)
p < t
(1)
p + δt (a set of anal-
ogous conditions being valid for b± and |Φ′±〉). Since
the intermediate states are equally likely the probabil-
ity density of getting |+〉 after a measurement of σˆ3 is
0.5(|a+(t)|2 + |b+(t)|2), while for |−〉, it is proportional
to 0.5(|a−(t)|2 + |b−(t)|2). In order to get the statis-
tical operator, we have to integrate over all possibili-
ties with the appropriate weight. The probability that
the second probing occurs between t and t + dt with
t
(1)
p < t < t
(1)
p + δt is p′(y)dy/P (y < δt). Therefore, the
density operator ρ˜T1−3 describing the two subensembles
that originate from (6) reads [25]:
ρ˜T1−3 =
∫ δt
0
p′(t)dt
P (t < δt)
Λ˜ , (7)
with the first probing set at t
(1)
p = 0 and
Λ˜ =
1
2
|+〉(|a+|2|Φ+〉〈Φ+|+ |b+|2|Φ′+〉〈Φ′+|)〈+|
+
1
2
|−〉(|a−|2|Φ−〉〈Φ−|+ |b−|2|Φ′−〉〈Φ′−|)〈−| , (8)
where the dependence on t was omitted. By tracing over
all degrees of freedom not belonging to E we get
ρ˜1−3 = γ|+〉〈+|+ (1− γ)|−〉〈−| ,
where
γ =
(
1− τ
2
)−1 ∫ 1
0
dx(1 − τx)|c+(x)|2 , (9)
4with |c+(t/δt)|2 ≡ 0.5(|a+(t)|2 + |b+(t)|2). We used
the assumption that the state ket remains normalized
(|a−(t)|2 = 1 − |a+(t)|2, |b−(t)|2 = 1 − |b+(t)|2) and
defined τ = δt/∆t. Note that all the influence of the
specific time evolution of the system during the reduc-
tion is contained in the single number γ, which is weakly
dependent on the particular path followed on the Bloch
sphere. Since the maximum value |c+(x)|2 can reach is
1, it is straightforward to show that 0 ≤ γ ≤ 1, no mat-
ter how intricate the actual reduction dynamics may be.
Furthermore, instantaneous collapse can be introduced
not only by directly setting δt = 0 but also by assum-
ing that |c+(x)| goes suddenly to 1/
√
2 after t
(1)
p . This
leads to γ = 1/2 which, consistently, yields ρ˜ = ρˆcoll.
In general we obtain ρˆred = (1 − τ + τ2/2)ρˆcoll + (τ −
τ2/2)[γ|+〉〈+|+ (1− γ)|−〉〈−|]. The final result is then
ρˆred =
1
2
[
1 +
(
τ − τ
2
2
)
(2γ − 1)
]
|+〉〈+|
+
1
2
[
1−
(
τ − τ
2
2
)
(2γ − 1)
]
|−〉〈−| , (10)
that describes a completely unpolarized ensemble with
respect to σˆ1 and σˆ2 [25], but with slightly distinct prob-
abilities for the outcomes |+〉 and |−〉 in a measurement
of σˆ3, which could, in principle, be experimentally de-
tected. For 0 ≤ γ < 1/2 we have N− > N+ and for
1/2 < γ ≤ 1, N− < N+, where N± is the counting
associated to |±〉. Of course these conditions would be
inverted had we chosen |−〉 as the initial state. We stress
that only this later measurement must be macroscopic,
with the results related to pointers. The associated prob-
abilities are
P3(+) = Tr(ρˆred|+〉〈+|) = 1
2
+
1
2
(
τ − τ
2
2
)
(2γ − 1) ,
and P3(−) = 1 − P3(+). So that, for a large number N
of realizations the difference between results |+〉 and |−〉
is given by
∆N = N+ −N− =
(
τ − τ
2
2
)
(2γ − 1)N . (11)
In the limit of very fast reduction we have δt << ∆t,
i. e., τ << 1, and the above quantity becomes ∆N =
τ(2γ−1)N with γ being simply γ = ∫ 1
0
|c+(x)|2dx, which
is independent of τ .
IV. STATISTICAL FLUCTUATIONS
Since one can not demand N → ∞ in actual experi-
ments, statistical fluctuations will show up, and we have
a finite probability to observe differences betweenN+ and
N− even in a scenario of instantaneous collapse. If we de-
note these statistical fluctuations by ∆N , for δt 6= 0 we
should be able to generate results with ∆N >> ∆N in
order to obtain a clear evidence of finite-time reduction.
This is indeed possible since ∆N ∼ √N and ∆N ∼ N ,
therefore, reliable data could be obtained for
N >>
[
∆t
δt(2γ − 1)
]2
. (12)
If ∆N ∼ ∆N for arbitrary N , then the finite-time re-
duction, as presented here, can be ruled out. In practice,
if ∆N ∼ ∆N for a large N then τmax ∼ N−1/2 gives an
upper bound for the reduction time.
To illustrate the application of the general ideas just
presented, suppose one intends to investigate δt in the
range of, say, tenths of picoseconds with the time resolu-
tion ∆t of the devices being about 1 ns (τ ∼ 0.01). The
particular form of c+(t/δt) is not of critical importance
and we take an exponentially decaying function satisfying
the appropriate boundary conditions:
c+(t/δt) =
(2−√2)e− tδt+ t
(1)
p
δt +
√
2− 2e−1
2(1− e−1) ,
for which γ ≈ 0.695 and condition (12) reads N >>
65.000. We remark that for a drastically distinct behav-
ior, a linearly decaying function, we find γ ≈ 0.735, that
would not change the order of magnitude of the results.
Let us take N = 800.000, which, of course, poses a prac-
tical difficulty. If δt is indeed of order of 10 ps, one should
get ∆N ≈ 3100, while ∆N ≈ 900. Considering the worst
scenario were statistical fluctuations tend to compensate
for ∆N , we would have a difference of 2200. The chance
that such a difference is caused by pure statistical fluctu-
ations is about 0.05% , constituting a strong evidence for
finite-time reduction in the scale of tenths of picoseconds.
If we find ∆N ≈ ∆N , then 0 ≤ δt < 10 ps.
V. CONCLUSION
The main point of this work is to propose that, in
addition to the search for the dynamical mechanisms of
collapse, we may look for schemes capable of delivering
information on the time scale of reduction, no matter its
details. For both, those that find more natural to face
quantum mechanics via interpretations that do not need
the concept of physical collapse and those that think of
the state vector as an actual entity for individual sys-
tems, this kind of approach may open an opportunity
to more objective discussions. Although the unavoid-
able experimental imperfections were disregarded here,
the previous results show that these schemes can be re-
alized within the proposed scenario. The assumption of
perfect measuring devices can be partially compensated
by the fact that our choice of the probing probability
distribution p(t) = ∆t−1, is not a favorable one for the
occurrence of two probings within a given time window.
This simplifying hypothesis, arbitrary as it is, aimed to
facilitate the proof-of-principle that this work intended
5to give. More realistic distributions, e. g., associated
to spontaneous decay of excited atoms or to tunneling,
would possibly lead to a clearer distinction between ∆N
and ∆N . This point along with a more detailed analysis
for systems with larger Hilbert spaces will be investigated
shortly. As a final comment, we recall that our reasoning
is strictly limited to the non-relativistic realm. Since the
two probings do not have any causal relation, there are
inertial frames in which the ordering is swapped, e. g.,
σˆ1-σˆ3 to σˆ3-σˆ1, leading to non-covariant results.
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